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Abstract 

In this paper we study existence of solutions for the Cauchy problem of the 
Debye-Hiickel system with low regularity initial data. By using the Chemin- 
Lerner time-space estimate for the heat equation, we prove that there exists a 
unique local solution if the initial data belongs to the Besov space ^(M") for 
— ^<s<—2 + ^,p— and 1 < g < oo, and furthermore, if the initial 
data is sufficiently small then the solution is global. This result improves the 
regularity index of the initial data space in previous results on this model. 
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1 Introduction 

In this paper we study the following Debye-Hiickel system arising from the theory 
of electrolytes ([6]): 

' dtv = V ■ {Vv -vV(t)) inR"x(0,oo), 

dtw = V ■ (Vw + wV(t)) inR"x(0,oo), 

*A(l) = v-w inM"x(0,oo), 

v{x,0) = vo{x), wi^XjO) = wo{x) in R", 

where v and w denote the densities of the electron and the hole, respectively, in an 
electrolytes, and (j) denotes the electric potential. 

Mathematical analysis of the Debye-Hiickel system was first focused on the initial 
boundary value problems in 1980's, and some results related to the global existence, 
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uniqueness and regularity of classical solutions and the asymptotic stability of sta- 
tionary solutions were obtained by using the Green function, the Poincare inequality 
and the standard maximum principle of equations of parabolic type; see [7], [8], [12] 
and [15] for more details. In 1994, Biler, Hebisch and Nadzieja in [3] considered 
the no-flux boundary problem of (jl.ip . and considered global and local existence of 
weak solutions, convergence rate estimates to stationary solutions of time-dependent 
solutions, and for further studies related to this topic we refer the reader to see [1], 
[2j and the references therein. 

In 1999, Karch in [9j proved existence and uniqueness of solutions of the problem 
(|1.1|) for initial data in the Besov space Bp^^{W^) with — 1 < s < and p = 
Note that similar results for initial data in the Lebesgue and Sobolev spaces was 
established only recently, see the work of Kurokiba and Ogawa [lOj. In [13j, Ogawa 
and Shimizu considered existence of global solutions of the problem (jl.l|) for small 
initial data in a two-dimensional critical Hardy space. The purpose of this paper is 
to prove existence of solutions for (jl.ip with initial data in the Besov space i?p g(M") 
of indices — | < s < —2 + ^,p= and 1 < g < oo. This result improves 
the corresponding result of Karch obtained in [9j. It shows that the Debye-Hiickel 
system has a better property than the Navier-Stokes equations in regard to existence 
of solutions, since for that equation there is no existence result for initial data 
in a space with regularity index s smaller than —1. In fact, the nonlinear term 
of the system (jl.lh seems to be closer to the quadratic nonlinear heat equation 
(~ u^) than to the Navier-Stokes equations (~ u • Vn), and our main result (see 
Theorem 11.11 below) also holds for the quadratic nonlinear heat equation and is even 
new for this equation. Main tools used to get our main result are the Chemin- 
Lerner space 

£'^(0,r;i?p;,'+"/^+'/0 and some related estimates (see Definition 2.1 
and Propositions 2.2 and 2.3 in Section 2). 

Note that from the third equation in (1.1) we have 

(l)={-A)-^{w-v):=E*{w-v), (1.2) 

where E{x) = -^log|2;| forn = 2 and E{x) = i7r-"/2p(| _ i)|2;[-("-2) for n > 3, 
so that we can eliminate (j) from (jl.ip and obtain 

'dtv - Av = -V ■ {vVi-Ay^iw -v)) in M"x(0,oo), 
< dtw-Aw = V-{wVi-A)-^{w-v)) inM"x(0,oo), (1.3) 
^v{x,0) = vo{x), wi^x^O) = wo{x) in M". 

Hence, we only need to consider this equivalent problem. We now give the precise 
statement of our main result, and for simplicity, we use {v, w) € X to denote {v, w) G 
X X X for a Banach space X. 

Theorem 1.1. Let n > 2, I < q < oo and 2 < p < 2n. Suppose that (vqjWq) G 
Bp^q~^^^^{W^). There exists T > such that the problem (11. ip has a unique solution 

{v,w)e n £"(0,T;5-2+"/P+2A(M")). (1.4) 

l<r<oo 
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Moreover, if [vq,wq) belongs to the closure of S{M^) in SpJ^" (M"), then {v,w) E 
C{[0,T), Bp^g'^''^^{W)). Besides, there exists e > such that if \\{vq, Wo) II r;-2 + n/p < 

£, then the above assertion holds for T = oo, i.e., the solution {v,w) is global. 
Furthermore, if{v,w) and {v,w) are two solutions of (jl.ip with initial data (fcu'o) 
and {vq,wq), respectively, then there exists a universal constant C > such that for 
any 1 < r < oo, we have 

\\{V -V,W - w)\\^,^^^^r^,^-2 + n/p+2/r^ < C\\{VO - TJQ , " Wo)\\^-2+n/p. (1.5) 

It is easy to verify that (jl.ip is invariant under the scahng vx{x, t) = A^f (Ax, A^t), 
w\{x,t) = \^w{\x,\^t) and (t)\{x,t) = (p{Xx,X'^t). Hence, as a standard practice, 
we have the following existence result for self-similar solution of (jl.ip : 

Corollary 1.2. Let n > 2 and ^ < p < In. Suppose that {vq,wq) G Bp^^'^''^{W) 
and IK^'Oi "^^0)11 R-2+n/p < e, where e is as above. Suppose furthermore that vq,wq 

are homogeneous of degree —2, i.e., they satisfy the relations vo{x) = X^vo{Xx) and 
wq{x) = X^wq{Xx) for all x € M"" and A > 0. Then the unique global solution ensured 
by Theorem \l.l\ is a self-similar solution, i.e., it satisfies the following condition: 

v{x, t) = A\(Ax, X^t), w{x, t) = X^w{Xx, X^t), 4){x, t) = 0(Ax, X^t). 



In the next section we give the proof of Theorem 1.1. 



2 The proof of Theorem 1.1 

We first recall some basic notions and preliminary results used in the proof of 
Theorem 1.1. Let iS(M") be the Schwartz space and 5'(M"') be its dual. Given 
/ G 5(1^""), the Fourier transform of it, J-{f) = /, is defined by 



Hm) = m = 




Let Vi = {i e M", \i\ < |} and V2 = € M", | < |C| < §}. Choose two 
non-negative functions (pjtp & 5(R") supported, respectively, in Di and T>2 such 
that 

V'(o + E'^(2-^'^) = i' 

j;,^(2"^e) = i, CeM"\{0}. 
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We denote = (p{2 ^^), h = F ^cf) and h = F ^if), where J- is the inverse 

Fourier transform. Then the dyadic blocks Aj and Sj can be defined as follows: 

A,/ = <P{2-W)f = 2^" / h{2^y)f{x - y)dy, 

S,f = i^{2~W)f = 2^" / hi2^y)fix - y)dy. 

Here D = (L»i,L>2,--- ,D„) and Dj = i'^d^^ {i^ = -1). The set {Aj,5j}jgz is 
called the Littlewood-Paley decomposition. Formally, Aj = Sj — Sj-i is a frequency 
projection to the annulus {|^| ~ 2^}, and Sj = X]fc<j-i is a frequency projection 
to the ball {|C| < 2^}. For more details, please reader to gj and [H]. Let Z{W^) = 
{/ G 5(]R") : a"/(0) = 0, Va G (N U {0})"}, and denote by Z'(M") the dual of 
it. Recall that for s G M and {p,q) G [l,oo] x [l,oo], the homogeneous Besov space 
g(]R") is defined by 



S^,,(M") = {/GZ'(M"): ll/b.^^ < cx)}, 

where 

||;||^^ = J (E,6z;2^^11A,/||i,) for 1 < g < oo, 
[supjg^2-''''||Aj/||LP for g = oo. 

It is well-known that if either s < ^ or s = ^ and q = 1, then (i?p ,j(R"), || • 
Wpfs ) is a Banach space. Moreover, if we denote D^f = T^^{\S,\^J-^{f)), then for 

any function / defined on M"'\{0} which is smooth and homogeneous of degree k, 
the corresponding pseudo-differential operator f{D) is a bounded linear map from 
Bp^g{W^) to i?p~'^(M"). Besides, there exists a constant C depending only on the 
dimension n such that for any s > 0, j G Z and 1 < p < q < oo, there holds the 
following Bernstein inequality: 

supp/c{|Cj<2^-} =^ P^/IIl. <C2^'^+^-"(i/P-i/.)||/||^,. (2.1) 

We now recall the definition of the Chemin-Lerner space £'^(0, T; i?p ^(M")): 

Definition 2.1. (g]) Let s e R, 1 < p, q,r < oo, and < T < oo be fixed. The 
Chemin-Lerner space is defined by 

2'{0,T;B;^^{R^)) := {/ G P'((0, T), : ||/|| ..(o,T;B|„(r)) < 

where ||/||£.(o,T;B^,,) = {Ejez'^^"'\\^jf\\lr^o,T;Lp))^^'- 



We define the usual space L^(0, T; ^(M")) associated with the norm 

f'^ ' . \'''/q \ 1/r 

2n\^,f\\%] 
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By the Minkowski inequality, it is readily to verify that 



£'-(0,T;B| ,j) - 11/11 L'-(0,T;B^ ,j) ^ < 9) 

In our discussion we shall use two basic results related to this space. The first 
one is concerned with the product of two functions in this space and reads as follows: 

Lemma 2.2. ([3 [Hj) Let 1 <p, q, r, ri, r2 < oo, si, S2 < ^, si + S2 > and ^ = 

^ + ^. Then there exists a positive constant C depending only on si, S2,p,q,r,ri,r2 
and n such that 

l|/5ll£r(o^T;B;i+''2-"/P) < ^\\f\\2'-i(0,T;Bp}q)\\9\\s:.^2(o,T;Bp%)- (2-2) 

The proof of this result is a simple application of the following fundamental 
result concerning the product of two functions in the homogeneous Besov spaces: 
Let 1 < p, g < oo, si, S2 < ^ and si + S2 > 0. Then there exists a constant C 
depending only on p, q, si, S2 and n such that 

ll/5lLn+-2-"/P < C'll/lls-i ||5lls"2 • 



For details of the proof, we refer the reader to see [5] and [13] • The second one, 
whose proof can be found from e.g. [5j, is concerned with the Cauchy problem of 
the heat equation: 

(^-Au = f{x,t), xGM", t >0, 
|n(x,0) = Uo{x), X G M". 

Proposition 2.3. ([5]) Let s € M, 1 < p,q,ri < oo and < T < oo. Assume 
that uq G and f G £''^{0,T; Bp'^g^^'''''^{M.'')). Then ([23]) has a unique 

solution u £ PI 2,^ {0,T; Bp^q (M")). In addition, there exists a constant C > 

ri <r<OD 

depending only on n such that for any ri < r < oo, we have 



u\ 



Next we recall an existence and uniqueness result for an abstract operator equa- 
tion in a generic Banach space. For the proof we refer the reader to see Lemarie- 
Rieusset [TT]. 

Proposition 2.4. (|llj) Let X be a Banach space and B : X x X ^ is a bilinear 
bounded operator, || ■ \\x being the X-norm. Assume that for any ui,U2 G X, we have 
||B(ni, ^2)11^" < C'o||'"i||a'||'U2||a'- Then for any y £ X such that \\y\\x < £ < the 
equation u = y + B(ti,ti) has a solution u in X . Moreover, this solution is the only 
one such that \\u\\x < 2e, and depends continuously on y in the following sense: if 
\\y\\x <e,u = y + B{u,u) and \\u\\x < 2e, then \\u - u\\x < jn^^^Wv - y\\x- 
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We are now ready to give the proof of Theorem 1.1. Let p and q be as in 
Theorem 1.1, i.e., 2 < p < 2n and 1 < q < oo, and let r be as in ()1.4p . i.e., 
1 < r < oo. We choose a nmnber 2 < ri < 2r such that — + - > |. For T > to 

be specified later, we set Xt = (0, T; ^p;^^"/^^^/''^ (M")). Given {v,w) G Xt, we 
define = {v,w) to be the solution of the following initial value problem: 

dtv - Av = -V ■ {vV{-A)-^{w -v)), v{x,0) = vo{x), (2.5) 
dtw - Aid = V ■ {wV{-Ay'^{w - v)), w{x,0) = wo{x). (2.6) 

Obviously, {v, w) is a solution of (jl.3p if and only if it is a fixed point of Q. 

Lemma 2.5. Xei {v,w) E T/ien {v,w) € ^t- Moreover, there exists a constant 
Co > sitc/i i/iai 

II^^IU^ < \\e''^vo\Ur+Co\\{v,w)\\l^, (2.7) 

II^I'IUt < ||e*^u;o|U^ + Co||(^,w;)|!^^. (2.8) 

Here e*^ is the heat operator with kernel G{x,t) = (47rt)^"/^ exp(— 



Proof. By Duhamel principle, (j2.5p is equivalent to the following integral equation: 

v{t) = e'^vo - f e(*-")^V • {vV{-A)-\w - v)){T)dT. 
Jo 

Since 2 < p < 2n, 2 < ri < oo and ^ + ^ > |, by choosing si = -2 + ^ + ^ and 
S2 = -1 + ^ + ^ in Lemma [2^2] we get 

||V • {vV{-A)-\w - «))lli,n/2(0,T;B-*+"/''+*/'-l) 

< C||t;V(-A)"^(^i; - v)\\^,.^^.,^^^^^,^-3+,./p+4/r,^ 

< C\\V\\ ^.^-2 + n/P+2/ri J| V(-A)~^(W - v) \\ l + n/p+2/ri , 



<C||(7;,«;)||^_ (2.9) 



Hence, by using Proposition 12.31 we conclude that there exists a positive constant 
Co such that 

II^^IIa-t < We'^VoWxT + C||V • ivVi-A)-\w - ^^))ll£.i/2(o,T;B,-^WP+4/n) 

-2+n/p+2/ri, • (2.10) 

This proves (|2.7p . The proof of (|2.8p is similar. □ 
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Proof of Theorem 1.1: The above lemma ensures that Q is weh-defined and 
maps Xt into itself. Moreover, from (j2.7p and (j2.8p we see that for any , w) G Xt 
and = Q{v,w), 

\\{v,w)U^ < \\ie'\o,e''^wo)hr+Co\\iv,w)\\l^. (2.11) 

Existence. We first prove global existence for small initial data. For this 
purpose we choose T = oo. By Proposition 12.41 and (|2.1ip it is easy to see that if 
\\{e^^VQ, e^^wo)\\x^ < e and e > is so small that 4Coe < 1, then Q has a fixed 
point in the closed ball IK'W, ?^)||a'oo — 2e in X^. By Proposition 12.31 we see that the 
condition \\{e^'^vo,e^^wo)\\xoa < e is satisfied if ||(fOi ^i'o)!! R-a+n/p is small enough. 
Indeed, by Proposition 12.31 there exists a positive constant Ci depending only on 
n such that \\{e^^vo,e^^wo)\\xoo < C'llK^O) '"^o)|| 0-2+n/p. Hence, if we assume that 
\\{vo,wo)\\fy^2+u/p < C^^e, then we have Wie'^^vo, e*^WQ)\\x^ < e. This proves global 
existence for small initial data. 

Next we prove local existence for large initial data. For this purpose we split 
vo into a sum as follows: vo{^) = vo^{\^\>2'^} + ^o^{\^\<2'^} •= ^ + where Iv 
represents the characteristic function on the domain D. Similarly, we split wq as 
wq = wqi + wo2- Since 2 < p < 2n, it is easy to see that if G Z"*" is sufficiently 
large then Ci\\{voi, woi)\\ < \e. Choosing a such N and fixing it, we get 

||(e*^T;o,e*^ti;o)IU, < + ||(e*^^02, e*^u;o2)k,. (2.12) 
Applying the Bernstein inequality, 

\\{e'-^VQ2, e^^WQ2) \\xt = ll(e*'^i'02 , 6*^-^02) 11^,, {o,T;i3-^+"/^+''/''i ) 
< 2(''^^/^MI(e*^«02,e*^u;o2)||^.,(o^^^^-2+n/P) < C22(2^)/^irV-MI(^o, «'o)||^-2Wp- 

Hence, if we choose T smah enough such that C22^'^^^/''^T^/''^\\{vQ,wo)\\.-2+r./r, < 

ie, then ||(e*^7;o2, e^^WQ2)\\xT < §• This result together with (f2T2]l yields that 
||(e*^t>o, e*^t(;o)||A'T ^ ^- By applying Proposition 12.41 again, we obtain a fixed point 
of G in the closed ball ||(f,w)||^j, < 2e in Xt, and concludes the proof of local 
existence of solution. 

Regularity. Note that if (v, w) G Xt is a solution of (jl.ip . then we can proceed 
in the same way as in the proof of Lemma 12.51 to obtain that 

V ■{vV{-A)-\w-v)),V ■ {wS/{-A)-\w-v)) G fi'^i/^^O, T; S'^+'^/P+^/^i (^''))- 

By Proposition ESI for any 2- < r < 00 we have {v, w) G £''(0, T; Bp^q'^"^^^'^'^^'' (R'^)). 
Moreover, if {vo, wq) belongs to the closure of 5(]R") in the space 4-,'+"/^(M"), then 
(t;,u;)GC([0,r),i?-,2+"/^(R")). 
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Uniqueness. Let {v,w) and {v,w) be two solutions of (jl.ip in Xt associated 
with the initial data {vq, wq) and {vo,wo), respectively. Set V = v — v,W = w — w. 
Then (V, W) satisfies the following equations: 

dtV - Ay = -V • (yV(-A)-i(u; -v))-V- {vV{-A)-\W - V)), 
< dtW - AW = V • {WV{-A)-^{w -v)) + V- {wV{-A)-^{W - V)), 
^ V{x,0) = Vo{x) = vo{x)-vo{x), W{x,0) = Wo{x) = wo{x)-wo{x)- 

Proceeding in the same way as in the proof of Lemma 12.51 we can prove that 

II - V•(yV(-A)-l(^l; -v))-V ■ {vV{-A)-\W - V))\\xt 

< C{\\v\\xt + \\v\\xt + l|w^lUT)IICt^>W^)llA'T 
\\ViWV{-A)-\w -v)) + V ■ {wV{-A)-\W - V))\\xt 

< C{\\v\\xr + \\w\\xt + \\u'\\xT)\\i'^^W)\\xr- 

Hence, by Proposition 12.31 

\\{V,W)\U^<Ci\\{Vo,Wo)\\^^,+^/, 

+ Codl^'llA'T + II^IUt + I^IUt + II^^'IIa't)II(^>^)IIa't- 

Let M(T) := Co(||t'||A'T + II'^^IIa't + II^IIa't + II'^^IIa't)- By absolute continuity of the 
Lebesgue integral, we have that M(T) converges to zero as T — )• 0"*". Hence, if we 
choose Ti sufficiently small such that M{Ti) < ^, then 

\\{V,W)y^<2Ci\\{Vo,Wo)\\.-2+n/,. 

Repeating this argument step by step on the intervals [0, Ti), [Ti, 2Ti), . . ., we finally 
get a constant C = Ct after a finite steps such that \\{y, W) \\xj. < C|| (Vq; ^^o) || 0-2+n/: 
This proves (jl.Sp which implies the uniqueness of solutions. The proof of Theorem 
II. H is complete. 
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